Juggling a spinning ball with a ping-pong paddle represents a challenge both in terms of hand-eye coordination and physics concepts. Here, we analyze the ping-pong ball's motion, and explore how the correct paddle angle relates to the ball's spin and speed, as it moves vertically up and down. For students, this requires engaging with concepts like momentum, angular momentum, free-body diagrams, and friction. The activities described in this article include high-speed video motion tracking of the ping-pong ball and the investigation of the frictional characteristics of the paddle. They can be done in a physics lab or at home, requiring only inexpensive or commonly used equipment, and can be undertaken by high school or college students.
I. INTRODUCTION
Students usually get their first introduction to physics through mechanics. The study of motion provides various opportunities for lab activities. Although students have developed an intuition through everyday experience of how objects move, the challenges for students to correctly understand these concepts have been well documented since the early years of physics education research.
1 While a standard laboratory experiment aims to teach important concepts and experimental skills, we find few "typical" experiments excite our students. Furthermore, labs frequently suffer from being "cookbook style," with little room for students to actively engage and explore physics phenomena, or to develop true experimental skills that have been identified as important by the American Association of Physics Teachers Recommendations for the Undergraduate Physics Laboratory Curriculum 2 and the Next Generation Science Standards.
3 One way to allow students to more freely explore basic physics principles and develop experimental skills is to have them work on a project lab.
4 A good project leaves room for students to explore different aspects of a phenomenon, is challenging, captures a student's interest, and at the same time provides the opportunity to discuss experimental design.
The exploration of physics phenomena in sports can provide an extra stimulus to spark the interest of many students and has been the subject of several textbooks. 5, 6 However, it is difficult to investigate sports activities in a lab environment. Table tennis, often referred to colloquially as pingpong, uses a light ball that can be easily studied in a confined space. A key difference between competitive table tennis and recreational ping-pong is the use of spin. The spin of a ping-pong ball is difficult to observe directly, but its effect on all aspects of the game is profound. The mass of the ball is small and the ball's trajectory and its motion upon bouncing off the table and paddle are non-intuitive for all but the most experienced players (see Fig. 1 ). While this makes it more difficult to predict a ball's trajectory, it also makes the motion more intriguing to analyze. Concepts like kinematics, projectile motion, free-body diagrams, friction, air resistance, the Magnus force, kinetic energy, rotational kinetic energy, impulse, forces, and angular momentum can all play an important role in such an analysis. Various articles have been written on the bounce of spinning balls in pingpong [7] [8] [9] [10] [11] [12] and other types of spinning balls upon hitting a racquet, paddle, club, or the ground. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] Following up on these studies, we present a project that many students who enjoy ball sports will find to be a challenge to their hand-eye coordination and their physics skills. For our study we will focus on the effect of spin on the bounce of the ping-pong ball. Due to the relatively small speeds involved we will neglect drag forces [26] [27] [28] and the curving of the ball due to the Magnus force. [29] [30] [31] [32] [33] The goal here is to hit a ping-pong ball upward with some spin, and try to control it when it impacts the paddle to send it straight up again, so that it can easily be caught afterwards. Such an exercise helps a player to get a feel for the speed and tackiness of the paddle. For the study described in this manuscript, we use a standard 40-mm plastic ping-pong ball with a pre-assembled entry level Stiga Inspire paddle with Magic rubber (1.5-mm sponge) 34 and the competitive grade combo of a Butterfly Tenergy 05 rubber (2.1-mm sponge) 35 on a Timo Boll Spirit blade. 36 The lower quality Magic rubber had lost its initial tackiness while the Tenergy rubber was still tacky.
One can send a ball without spin straight up, by placing the paddle flat under the ball, but in the case of a spinning ball the paddle needs to be angled as shown in Fig. 2 . With some practice, one can develop a good intuition on how to angle the paddle and juggle the spinning ball multiple times by alternating the angle of the paddle from being titled clockwise to counterclockwise, sending the ball straight up each time. To analyze this motion a couple of research questions might include: "At what angle a, does the paddle need to be placed to have the ball go vertically upward for different initial and final speeds and spins of the ball?" and "How does this angle depend on the type of paddle?"
II. MOTION TRACKING
We used a point-and-shoot Casio Exilim EX-FH100 camera 37 that captures video in the high frame rate shooting modes of 240 fps at 448 Â 336 pixels, and at 1,000 fps at 224 Â 64 pixels. The compact consumer camera was equipped with an SD card rated for 10MB/s and was mounted on a standard tripod. We use Vernier Logger Pro software to extract data from the videos using frame-by-frame tracking of the ball. 38 For students new to ping-pong, the first step is to practice how to brush the ping-pong ball from underneath with the paddle such that the ball has a large spin and flies up approximately vertically. Next, students will record their attempts to hold the paddle such that the ball pops straight up, catching the ball after each try. Even though it is a fun challenge, one does not need to juggle the ball multiple times for this project. For the video capture, it is easiest to use a tripod so that one can easily adjust the level and angle of the camera. For the study described in this section, we chose a frame rate of 240 fps, which provides sufficient spatial resolution for motion tracking. One finds that the ball velocities for this experiment are on the order of a few meters per second or less and are easily tracked at a lower frame rate. However, the spin can be such that a high frame rate is required to track the rotational speed of the ball. The 240 fps frame rate would have a ball spinning at 60 rev/s rotate by an easily traceable quarter of revolution from frame to frame. Particularly for students interested in engineering, this would be a good opportunity to explore signal processing, the Nyquist frequency, and aliasing effects. Drawing a black line around the circumference of the ball and adding two dots at the ball's polar opposites allowed the ability to track the ball's spin. The rotational velocity is found by counting the rotations of the line or dots from frame to frame. Video acquisition should be done in a well-lit room, avoiding incandescence and other light sources that exhibit power line flicker. Figure 1 shows the impact of the spin on the bounce of the ball. The ball rotated counterclockwise (from the perspective of the reader) three times over 36 frames before bouncing off the paddle. Defining a clockwise rotation as positive, the angular velocity of the spinning ball was therefore x i ¼ À240 fps=ð12 f=revÞ ¼ À20 rev=s. Following the bounce, the ball rotated clockwise once over 38 frames, resulting in an angular velocity of x f ¼ 6:3 rev=s.
To prevent the ball from bouncing off to the side, one needs to angle the paddle. The counterclockwise rotation of the ball before impact, as shown in Fig. 2 After impact, the ball will move upwards with a counterclockwise spin as shown in Fig. 2(e) . A skilled student can repeat the sequence as the ball falls again, as in Fig. 2(a) . For the motion analysis, it is sufficient to consider the first three figures as the paddle angle and ball motion of the following part of the sequence are symmetric with rotational directions and the horizontal axis flipped.
To convert the pixel distance in the frame-by-frame tracking of the ball to a physical distance, one needs to calibrate it with an object of known length. The calibration was done by displaying a 50-cm ruler in the plane of motion at one point during the video capture. With this reference distance and the frame rate of the video capture, one can plot horizontal and vertical distances and velocities as a function of time. For this study, the camera was about 3 m away from the ball, resulting in small angles for the vertical positions analyzed.
Figure 3(a) shows the position during the fall of a ball from close to its peak motion to after it hits the paddle. The ball drops and rises almost vertically with a slight movement to the right throughout its trajectory. The vertical position before impact varies quadratically as a function of time. The best-fit line results in a gravitational acceleration slightly larger than the theoretical value, pointing to the calibration length being slightly off. This can be due the fact that the height of the exact contact point with the ball, and the height from which the ball dropped, varied from trial to trial and therefore is not always in line with the position of the ruler during calibration. The exact distance of the plane of motion of the ball from the camera varied from trial to trial as well. Each point on the velocity versus time graph shown in Fig. 3(b) is calculated from a seven frames kernel to calculate the derivative of the position data in Fig. 3(a) . This causes the smoothing of the velocity data, which is especially visible for v y around the point of impact.
The data shown in Fig. 3 indicate that the horizontal velocity was small throughout the motion, and the ball successfully bounces almost vertically off the paddle. Under the influence of gravity, the magnitude of the vertical velocity increases linearly with time until the ball hits the paddle and changes direction. The large magnitude of the velocity after impact indicates that the paddle added extra translational kinetic energy to the ball. The velocity v i before and the velocity v f after impact can be obtained from linear fits to the corresponding data points. The data points for the three frames before and after the bounce are not accurate, due to the smoothing of the velocity data and are not included in the fits. The small changes in the horizontal velocity further indicate that the speed of the ball is small enough so that the Magnus force did not have a significant impact on the trajectory.
III. MOTION ANALYSIS
To analyze the motion of the ball, one needs to consider both its spin and linear velocity. Figure 4 (a) shows all forces acting on the ball on impact. The weight of the ball is included for pedagogical reasons though for most cases it will be small compared to the other forces during impact.
Choosing the center of the ping-pong ball as the rotational axis, we can calculate the change in angular momentum by multiplying the torque s by the time over which it acts Dt, giving
where r is the radius of the ball (see Fig. 4 for the definitions of F f , F, and a). Meanwhile, the change in linear momentum in the vertical direction is
which can be expressed as 
Inserting Eq. (3) into Eq. (1) then gives
and solving for a results in
Since the weight of the ping-pong ball is small and in most cases
this result becomes
We note that in vector notation this equation can be expressed simply as DL ¼r Â Dp. To find the angle a in terms of the measurable quantities Dx and Dv, we need to replace Dp and DL in Eq. (7). Though one could include the thickness of the ping-ping ball shell, 39, 40 we are assuming the ping-pong ball has the moment of inertia of a hollow sphere so the change in angular momentum can be calculated using
giving
Using
and inserting Eqs. (9) and (10) into Eq. (7) results in
The minimum required coefficient of friction of the rubber sheet at the angle a can then be calculated (see Fig. 4 ) from Table I shows a set of data taken with both paddles. Trials 1 and 2 attempted to move the paddle very little on impact and still have the ball bounce upward. One can observe that for both paddles, the ball bounces off with a slightly smaller speed. The elastic Tenergy rubber sheet reverses the spin almost completely. Other trials, with little movement of the paddle, showed x f is generally slightly smaller than x i , but overall confirmed that most of the spin is inverted and therefore has a large tangential coefficient of restitution (ratio of the outgoing and incoming velocity tangential to the ball surface) for this rubber sheet. For the Magic rubber, there is almost no spin after the bounce. It was generally found that little paddle movement resulted in a small inverted spin corresponding to a tangential coefficient of restitution of close to zero for this rubber sheet. The angle a is calculated using Eq. (11) and compared with a measured , which is determined by measuring the physical placement of the paddle in the frame of impact using a virtual ruler in Logger Pro.
If we want to send a ball with x i and v i vertically upwards to the same level, with little movement of the paddle, we can determine the angle at which to place the paddle: Dv needs to be equal to 2v i to reach the same level. For the Tenergy rubber, we can approximate Dx ¼ 2x i and Eq. (11) results in
Meanwhile, in a first approximation, the ball loses most of its rotation upon impact for the Magic rubber sheet. Assuming x f ¼ 0 Eq. (11) leads to
Sending the ball back to the same level with little movement of the paddle therefore requires angling the tacky and elastic Tenergy rubber paddle at a larger angle than the paddle with the Magic rubber. For the Tenergy paddle, the rotation is inverted and one could juggle a ball as often as one likes up and down by alternating the paddle angle from þa to Àa. The Magic rubber causes the ball to lose most of its spin, and one could place the paddle almost horizontally on the next stroke. For both paddles, we can vary the spin and velocity of the ball by striking it with a greater paddle speed. Depending on the direction of the paddle motion, one imparts more spin or translational velocity on the ball. As long as Eq. (11) is satisfied, the ball will travel straight up. By increasing the spin, one increases the change in angular momentum and hence the paddle angle. Trials 3 and 4 both increase the spin and translational velocity. A large change in the angular velocity, as in trial 4, will result in a more angled paddle. Trial 5 is an example of a slow ball being sent back to roughly the same level with a slight increase in rotational kinetic energy and a strongly angled paddle. Trial 6 shows that one can invert the spin with the Magic rubber paddle, however, this requires moving the paddle quickly in the direction of the angle a. The result for the Magic rubber demonstrates that one can continuously juggle the ball if one adds a significant swing Table I . Paddle angle for different vertical and angular velocities. The quantities x i , x f , v i , and v f are determined from motion tracking, a measured is found from position measurements on the frame of impact, a is calculated using Eq. (11) , and l min is found from Eq. (12).
Trial Rubber of the paddle. Thus, even though the paddle angle for the Magic and Tenergy rubber would be identical for the same Dx and Dv, the motion of the paddle would be quite different. The necessary fast swing of the Magic paddle along the direction of a makes juggling the ball with the Magic paddle more difficult and requires more effort by the player than with the Tenergy paddle where a slow motion at the correct angle is sufficient. Note that in Table I , the experimental difference between the measured and calculated angles is largest for trials 1 and 5. In both of these cases a is larger than a measured . A larger a corresponds to a larger change in the horizontal velocity and for these two trials the trajectory was the least vertical, with a horizontal velocity change of 0.3-0.5 m/s. The impact of the earlier mentioned slight calibration error appears to be minor, but being successful in getting the ball going straight up and down impacts the agreement of theory and experimental data more strongly. We think the data presented here are what one can reasonably expect from students, though some dedicated students with great hand-eye coordination may be able to get a lower experimental difference.
Equation (11) restricts all solutions to Dx < 3Dv=2r. However, while all possible solutions must satisfy Eq. (11), for large angles the normal force decreases and the required frictional force may exceed the maximum friction that can be supplied by the paddle rubber. Hence, Eq. (11) is a necessary but not sufficient condition. We will try in Secs. IV and V to estimate the required coefficient of friction of the rubber sheet necessary to exert a large enough frictional force.
IV. TIME OF CONTACT
To observe the impact of the ball, we set the frame rate to 1,000 fps. The camera was placed right next to the paddle and captured the impact of a ball dropped with little spin from a height of 0.5-1 m with the paddle placed horizontally and angled at 45 . We found that the impact for both paddle angles showed similar results at this temporal resolution. The high frame rate, and therefore short integration times, required good lighting conditions.
The images in Fig. 5 were taken using natural sunlight and the Butterfly paddle placed horizontally. From the video images, using the size of the ball as a reference, one can estimate the distance of the ball from the paddle. From these distances and the inspection of the images close to impact, one can get a rough estimate of the contact time. Of the eight drops we looked at, two showed contact in only one frame (like the left sequence in Fig. 5 ), while two trials showed contact in two frames (like the right sequence in Fig. 5) . The other four trials had one frame with clear contact and another frame so close that the ball may or may not have been in contact with the paddle. The fact that there were trials with only a single image showing full contact places an upper limit for the contact time at 2 ms. The trials showing two sequential images with contact place a lower limit for the contact time at 1 ms. For contact times of 1-2 ms and typical changes in speed of 4-8 m/s, Dp=Dt for the 2.7-g ping-pong ball is in the range of approximately 5-20 N, at least two orders of magnitude larger than F g , thus satisfying the condition that Dp=Dt ) F g . The slight downward impulse due to gravity shown in Fig. 4(c) is therefore indeed negligible. We can calculate the normal force on the ping-pong ball as F N ¼ ðDp=DtÞ cos a, and knowing the order of magnitude of the forces during contact with the paddle, we can investigate the frictional forces supplied by the paddle.
V. FRICTION
The normal force exerted on the ball by the paddle varies quickly during impact. For this study, we did not obtain time resolved force versus time data and we need to make some simplifying assumptions. We ignore any dependence of the contact time on the paddle angle, speed, and type, as well as the speed and spin of the ball. With the rough estimate of contact time, we can estimate normal and frictional forces if we know the coefficient of friction of the rubber sheet.
For this, we conducted a classical friction experiment by sliding the ping-pong ball, with different weights added, across the surface of interest (the rubber sheet). Figure 6 shows the experimental setup. The ping-pong ball was placed in a measuring cup and fixed with masking tape so that it could not rotate. The total mass of the tape, ball, and measuring cup was 61 g. A 50-g weight hanger is attached for all but the measurement with the lowest normal force. Additional masses, up to a total of 1,511 g, are added in 100-g increments. The weight hanger is stabilized with minimal vertical force with one hand while the other hand applies a horizontal force that is measured with a force sensor. The force is increased until the ball starts to slide for a short distance of 1-3 cm, and this is repeated at least six times. The average and standard deviation of the peak force of six measurements is calculated and plotted as a function of the normal force in Fig. 7(a) .
For many surfaces, the maximum frictional force increases linearly with the normal force, with the coefficient of friction l as the constant of proportionality. However, the elastic rubber sheet has a coefficient of friction that depends on the normal force. 41 The normal-force-dependent frictional coefficient is calculated as the ratio F f =F N and is plotted in Fig. 7(b) . The data for both rubber sheets can be fitted empirically with a power law of the form
and
where F N is measured in Newtons. For example, for a small normal force of 1 N the frictional coefficient for the Tenergy is 2.1, answering the classic physics classroom question if l can be larger than one. The Tenergy coefficient of friction decreases for larger normal forces to about 1.3 at F N ¼ 15 N. For the same normal forces, the Magic rubber sheet has a coefficient of friction of about 0.6 and 0.4, respectively. The last column in Table I shows that for trials 1 and 3 the actual coefficient of friction of the Tenergy rubber vastly exceeds the l min values of 0.44 and 0.67. Because of the larger angle of the Tenergy paddle for trials 4 and 5, the required l min values of 1.22 and 1.37 are much closer to the actual frictional coefficient. Meanwhile, for both trials with the Magic rubber, the coefficients of friction are such that l min is on the order of the actual l. The small maximum frictional force is barely sufficient even for the small angles in these trials, which is reflected in practice by the difficulty of juggling the ball with large paddle angles for the Magic rubber. On the other hand, the larger frictional coefficient of the Tenergy paddle gives it the feel of more control even for larger angles. The largest paddle angles can be obtained for a combination of small Dx; Dv pairs, taking advantage of the higher coefficient of friction for small normal forces. To accomplish this, one would need to brush the ball close to the top of its trajectory at a large angle; this would give the ball a small velocity change, effectively juggling the ball almost in place.
VI. CONCLUSION
We demonstrated that one can investigate the juggling of a spinning ping-pong ball with different paddles using basic concepts from high school or college level introductory physics and inexpensive and commonly available lab equipment. A study like this would be an ideal project for students who enjoy ball sports. Further studies could include the investigation of contact time, coefficients of restitution, and force, with higher temporal resolution for different speeds, angles, spins, paddles, and balls. Moreover, motion analysis could be used to explore how the speed and direction of the paddle motion during impact with the ball influences the change in linear and angular velocities. The activities described here are both welldefined and rich in interesting open-ended research questions. The measurements require both experimental skill and application of physics that spans most concepts of mechanics in a way that we hope will be engaging to many students.
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